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• Introduction: quark-gluon plasma (QGP) and heavy ion collision, hard 
probes of QGP: heavy quarks (bound states) 


• Open quantum system framework for heavy quarks (quarkonia), 
effective field theory, Lindblad equation, connection with 
semiclassical transport


• Quantum simulation of open quantum systems


• Two-level system


• U(1) gauge theory in 1+1D (Schwinger model)
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Quark-Gluon Plasma and Heavy Ion Collision

• Asymptotic freedom —> deconfined 
phase of QCD matter expected at high 
temperature / density —> QGP


• Study QGP: heavy ion collision 
experiments at RHIC and LHC


• QGP fireball: strongly coupled, lifetime 
~10 fm/c, temperature 150—600 MeV

• Hard probes of QGP: large energy scale, heavy quarks, quarkonia and jets



I. Heavy Quarkonia as Open Quantum Systems
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Quarkonia inside QGP
• Quarkonium: screening, dissociation and recombination

Q
Q̄

V (r) = �A

r
+BrIn vacuum:

Ground and lower excited states 
described by Schrödinger equation

In QGP: V (r) = �A

r
e�mDr

<latexit sha1_base64="jeIUGJlbuI9xjhPxia2IhfBz2t8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQFy2JVHQj1MfCZQX7gDaGyXTSDp1JwsxEKCErN/6KGxeKuPUb3Pk3TtsstPXAhcM593LvPV7EqFSW9W3kFhaXllfyq4W19Y3NLXN7pynDWGDSwCELRdtDkjAakIaiipF2JAjiHiMtb3g19lsPREgaBndqFBGHo35AfYqR0pJr7jdL4giew3LXFwgnF2kiUkjukzJ3r0XqmkWrYk0A54mdkSLIUHfNr24vxDEngcIMSdmxrUg5CRKKYkbSQjeWJEJ4iPqko2mAOJFOMnkjhYda6UE/FLoCBSfq74kEcSlH3NOdHKmBnPXG4n9eJ1b+mZPQIIoVCfB0kR8zqEI4zgT2qCBYsZEmCAuqb4V4gHQeSidX0CHYsy/Pk+Zxxa5WTm6rxdplFkce7IEDUAI2OAU1cAPqoAEweATP4BW8GU/Gi/FufExbc0Y2swv+wPj8ATugl70=</latexit>

Screening: potential too weak to support bound state, melting of state, suppression

A.Mocsy, 0811.0337
A.Bazavov, N.Brambilla, P.Petreczky, 

A.Vairo, J.H.Weber, 1804.10600
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Quarkonia inside QGP
• Quarkonium: screening, dissociation and recombination
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• Recombination is crucial

 less suppressed at higher energy:  
enhanced recombination from HQs 
produced from different hard collisions

J/ψ

Semiclassical transport equations model 
recombination, go beyond semiclassical 
approach to understand recombination

Treat heavy quarks as open quantum system



Open Quantum System

Subsystem & environment

⇢(t = 0) = ⇢S ⌦ ⇢E Unitary evolution

Time reversible
(Heavy quarks & QGP)

U(t, 0)(⇢S ⌦ ⇢E)U
†(t, 0)

Subsystem & environment

Trace out (integrate out) environment

⇢S(t = 0)

Subsystem
TrE

h
U(t, 0)(⇢S ⌦ ⇢E)U

†(t, 0)
iNon-unitary

Time irreversible

7

H = HS +HE +HITotal system = subsystem + environment:

Review: XY, 2102.01736



Towards Lindblad Equation
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H = HS +HE +HI

ρS ρS

ρS

HI =
X

↵

O(S)
↵ ⌦O(E)

↵

�ab,cd(t) ⌘
X

↵,�

Z t

0
dt1

Z t

0
dt2C↵�(t1, t2)ha|O(S)

� (t2)|bihc|O(S)
↵ (t1)|di⇤

C↵�(t1, t2) ⌘ TrE(O
(E)
↵ (t1)O

(E)
� (t2)⇢E) |ai : Basis of Hilbert space in subsystem

Lab = |aihb|

⇢S(t) = ⇢S(0)� i

h
tHS +

X

a,b

�ab(t)Lab, ⇢S(0)
i
+

X

a,b,c,d

�ab,cd(t)
⇣
Lab⇢S(0)L

†
cd �

1

2
{L†

cdLab, ⇢S(0)}
⌘

• Assume weak coupling between subsystem/environment


• Expand unitary evolution operator (time ordered perturbation theory)


• Trace out environment —> finite-difference equation

�ab(t) =
�i

2

X

↵,�

Z t

0
dt1

Z t

0
dt2sign(t1 � t2)ha|O(S)

↵ (t1)O
(S)
� (t2)|biC↵�(t1, t2)



Subsystem: non-unitary,  
time-irreversible evolution 

Lindblad equation

Quantum optical 
limit (low T)

Quantum Brownian 
motion (high T)

Markovian 
(weak coupling)

TrE
h
U(t, 0)(⇢S ⌦ ⇢E)U

†(t, 0)
i
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Towards Lindblad Equation: Two Limits

Boltzmann equation

Lindblad equation

Langevin/Fokker-
Planck equation

Wigner transform (smearing for positivity)

Semiclassical (gradient expansion)

f(x,k, t) ⌘
Z

d3k0

(2⇡)3
eik

0·x
D
k +

k0

2

���⇢S(t)
���k � k0

2

E

<latexit sha1_base64="gkYLBxMohatKMPD2dVLvybL6Ibc="></latexit>

d⇢S(t)

dt
= �i

⇥
HS,e↵, ⇢S(t)

⇤

+
X

n

�
Ln⇢S(t)L

†
n � 1

2
{L†

nLn, ⇢S(t)}
�

<latexit sha1_base64="Rz9MOOH17Ut1Vwsh1CiYatdLiI8="></latexit>
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 Hierarchy of Time Scales for Two Limits
• Quantum Brownian motion (high T)• Quantum optical limit (low T)

τR ≫ τE, τR ≫ τS τR ≫ τE, τS ≫ τE

: environment correlation time, time domain of environment correlatorτE

: subsystem intrinsic time, inverse of typical energy gapτS

: relaxation time, depends on interaction strength between 
subsystem and environment
τR

C↵�(t1, t2) ⌘ TrE(O
(E)
↵ (t1)O

(E)
� (t2)⇢E) τE ∼

1
T

τS ∼
1

ΔHS

⇢E =
e��HE

Z

<latexit sha1_base64="trGqy87vKXBW40GEksbojkyMhJg=">AAACCnicbVDJSgNBEO1xjXEb9eilNQheDDMS0YsQlECOEcyCmTj0dGqSJj0L3T1CGObsxV/x4kERr36BN//GznLQxAcFj/eqqKrnxZxJZVnfxsLi0vLKam4tv76xubVt7uw2ZJQICnUa8Ui0PCKBsxDqiikOrVgACTwOTW9wPfKbDyAki8JbNYyhE5BeyHxGidKSax44oh+5FXyJHV8QmsJ9euJ4oAiuupUsS+8y1yxYRWsMPE/sKSmgKWqu+eV0I5oEECrKiZRt24pVJyVCMcohyzuJhJjQAelBW9OQBCA76fiVDB9ppYv9SOgKFR6rvydSEkg5DDzdGRDVl7PeSPzPayfKv+ikLIwTBSGdLPITjlWER7ngLhNAFR9qQqhg+lZM+0RHonR6eR2CPfvyPGmcFu1S8eymVChfTePIoX10iI6Rjc5RGVVRDdURRY/oGb2iN+PJeDHejY9J64IxndlDf2B8/gAlZJnx</latexit>
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Physical Pictures of Two Limits

Q
Q

Resolving 
power of QGP

Resolving 
power of QGP

Q

Q

Transitions between levels Diffusion of heavy Q pair

Q

Q

Wavefunction decoherence

—> dissociation

1S

2S

unbound

• Quantum Brownian motion (high T)• Quantum optical limit (low T)
τR ≫ τE, τR ≫ τS τR ≫ τE, τS ≫ τE



Separation of Scales and NREFT
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• Separation of scales

v2 ⇠ 0.1

charmonium
bottomonium

v2 ⇠ 0.3

M

Mv

perturbative matching

QCD

HQET/NRQCD

potential NRQCD

perturbative / non-perturbative matching

hep-ph/9907240, hep-ph/0410047, 

N.Brambilla A.Pineda, J.Soto, A.Vairo

Heavy quark physics, A.Manohar, M.Wise
hep-ph/9407339, G.Bodwin, E.Braaten, G.Lepage

Mv2 ⇠ 500 MeV

Hard

Soft

Ultrasoft

M � Mv � Mv2, ⇤QCD

Different descriptions depending 
on where T fits into the hierarchy 
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High Temperature: NRQCD M ≫ T ≫ Mv2

• Lindblad equation in limit of quantum Brownian motion

d⇢S(t)

dt
= �i

⇥
HS +�HS , ⇢S(t)

⇤
+

1

N2
c � 1

Z
d3q

(2⇡)3
D>(q0 = 0, q)

⇥
⇣
eOa(q)⇢S(t) eOa†(q)� 1

2

� eOa†(q) eOa(q), ⇢S(t)
 ⌘

eOa(q) = e
i
2q·x̂Q

⇣
1�

q · p̂Q

4MT

⌘
e

i
2q·x̂QT

a
F � e

i
2q·x̂Q̄

⇣
1�

q · p̂Q̄

4MT

⌘
e

i
2q·x̂Q̄T

⇤a
F

Dissipation effect, important for thermalization, from expanding  βHS

H =
p̂2
Q

2M
+

p̂2
Q̄

2M
+Hq+A +

Z
d
3
x
�
�
3(x� x̂Q)T

a
F � �

3(x� x̂Q̄)T
⇤a
F

�
gA

a
0(x)

<latexit sha1_base64="KweURVOW/DIo+u1AJUi/myVwoHA="></latexit>

NRQCD motivated Hamiltonian

Lindblad equation

D>ab(x1, x2) = g2TrE
�
⇢EA

a
0(t1,x1)A

b
0(t2,x2)

�
Environment correlator

Solving this Lindblad equation expensive at 3D

Zero frequency

N.Brambilla, M.A.Escobedo, M.Strickland, 

A.Vairo, P.V.Griend, J.H.Weber, 2012.01240

T.Miura, Y.Akamatsu, M.Asakawa,

A.Rothkopf, 1908.06293

J.-P. Blaizot, M.A.Escobedo, 1711.10812



14

Low Temperature: pNRQCD Mv ≫ Mv2 ≳ T
• The potential NRQCD

LpNRQCD =

Z
d
3
rTr

⇣
S
†
(i@0 �Hs)S + O

†
(iD0 �Ho)O + VA(O

†r · gES + h.c.) +
VB

2
O

†{r · gE,O}+ · · ·
⌘

Dipole interaction r ⇠ 1

Mv

Weak coupling between quarkonium and QGP: 
quarkonium small in size

When at rest in medium, suppressedrT ⇠ v

D.o.f. heavy quark pairs in color singlet (S) or octet (O)

Bound/unbound transition —> singlet/octet transition

At leading (nontrivial) order in , sum all interactions not suppressed v
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Low Temperature: pNRQCD Mv ≫ Mv2 ≳ T

Recombination Dissociation

Static screening

⇢S(t) = ⇢S(0)� i

h
tHS +

X

a,b

�ab(t)Lab, ⇢S(0)
i
+

X

a,b,c,d

�ab,cd

⇣
Lab⇢S(0)L

†
cd �

1

2
{L†

cdLab, ⇢S}
⌘

@

@t
fnl(x,k, t) +

k

2M
·rxfnl(x,k, t) = C+

nl(x,k, t)� C�
nl(x,k, t)

• Boltzmann equation

C�
nl
(x,k, t) = g2

TF

Nc

X

i1,i2

Z
d3pcm
(2⇡)3

d3prel
(2⇡)3

d4q

(2⇡)4
(2⇡)4�3(k � pcm + q)�

⇣
Enl �

p2rel
M

� q0
⌘

⇥ h nl|ri1 | prel
ih prel

|ri2 | nli [g++
E

]>
i1i2

(q0, q)fnl(x,k, t)

C+
nl
(x,k, t) = g2

TF

Nc

X

i1,i2

Z
d3pcm
(2⇡)3

d3prel
(2⇡)3

d4q

(2⇡)4
(2⇡)4�3(k � pcm � q)�

⇣
Enl �

p2rel
M

+ q0
⌘

⇥ h nl|ri1 | prel
ih prel

|ri2 | nli [g��
E

]>
i2i1

(q0, q)fO(x,pcm, r = 0,prel, t)

<latexit sha1_base64="bWcWeLDC8GWG3amRC/Et59Zg+iM="></latexit>

T.Mehen, XY, 1811.07027, 2009.02408
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Chromoelectric Field Correlator

t
R

Ei1(R1, t1)

Ei2(R2, t2)

(R1,�1) (R2,�1) (1,�1)

t

R

Ei1(R1, t1)

Ei2(R2, t2)

(R1,+1) (R2,+1) (1,+1)

Dissociation: final-state interaction Recombination: initial-state interaction

 transformation,

assume state invariant

PT

KMS relation

[g++
E ]>ji(y, x) ⌘

D⇥
Ej(y)W[(y0,y),(+1,y)]W[(+1,y),(+1,1)]

⇤a

⇥
⇥
W[(+1,1),(+1,x)]W[(+1,x),(x0,x)]Ei(x)

⇤aE

T

<latexit sha1_base64="5LTOYgt3/gpFLdXjo3qRU+iWx5I="></latexit>

[g��
E ]>ji(y, x) ⌘

D⇥
W[(�1,1),(�1,y)]W[(�1,y),(y0,y)]Ej(y)

⇤a

⇥
⇥
Ei(x)W[(x0,x),(�1,x)]W[(�1,x),(�1,1)]

⇤aE

T

<latexit sha1_base64="UJpUGz4ewEfIlyTkvvM4TB5BcaM="></latexit>

For total reaction rates, integrating over final momentum gives setting  , 
the correlator becomes momentum independent 

R1 → R2
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Chromoelectric Field Correlator

Ei2(R2, t2)

Ei1(R1, t1)

• Relation to the correlator defining heavy quark diffusion coefficient

Ei1(R1, t1)

Ei2(R2, t2)

Single heavy quark Heavy quark antiquark pair

T.Binder, K.Mukaida, B.Scheihing-

Hitschfeld, XY, 2107.03945

• At NLO: temperature-dependent parts of spectral functions agree 
                  vacuum parts differ by a constant

149
36

−
2
3

π2 149
36

+
1
3

π2

Y.Burnier, M.Laine, J.Langelage, L.Mether, 1006.0867

M.Eidemuller, M.Jamin,

hep-ph/9709419 (only vacuum)



II. Quantum Simulation for Non-unitary Evolution 
of Open Quantum Systems
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Stinespring Dilation Theorem
• Completely positive trace-preserving map (e.g. Lindblad) = unitary 

evolution of system coupled with ancilla, and ancilla traced out

. . .

…
Ancilla qubits

System

d⇢S(t)

dt
= �i

⇥
HS(t), ⇢S(t)

⇤
+

mX

j=1

�
Lj⇢S(t)L

†
j �

1

2
{L†

jLj , ⇢S(t)}
�

J =

0

BBB@

0 L†
1 . . . L†

m

L1 0 . . . 0
...

...
. . .

...
Lm 0 . . . 0

1

CCCA
⇢(0) = |0iah0|a ⌦ ⇢S(0) =

0

BBB@

⇢S(0) 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0

1

CCCA

Dim. of ancilla = m+1
|0ia · · · |mia

<latexit sha1_base64="Brt42hNyabOwjo97dPwByc78pgo=">AAACB3icdZDLSsNAFIYnXmu9RV0KMlgEVyWpsa27ohuXFewFmlAmk2k7dDIJMxOhpN258VXcuFDEra/gzrdx0lZR0R8Gfr5zDmfO78eMSmVZ78bC4tLyympuLb++sbm1be7sNmWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6TlDy+yeuuGCEkjfq1GMfFC1Oe0RzFSGnXNg7HlCsT7jHQRdHEQKQnH4RfqmgWreFYtl5wytIqWVbFLdmZKFefEgbYmmQpgrnrXfHODCCch4QozJGXHtmLlpUgoihmZ5N1EkhjhIeqTjrYchUR66fSOCTzSJIC9SOjHFZzS7xMpCqUchb7uDJEayN+1DP5V6ySqV/VSyuNEEY5ni3oJgyqCWSgwoIJgxUbaICyo/ivEAyQQVjq6vA7h81L4v2mWirZTPL1yCrXzeRw5sA8OwTGwQQXUwCWogwbA4Bbcg0fwZNwZD8az8TJrXTDmM3vgh4zXD0TPmZk=</latexit>

Reproduce Lindblad equation if expanded to Δt
One cycle
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Two-Level System

For m = 0, O(�0)

We need two qubits as ancilla, original environment has infinity degrees of freedom

L1 =

r
g2�EnB(�E)

8⇡
(X � iY )

L2 =

r
g2�E(1 + nB(�E))

8⇡
(X + iY )

Resemble quarkonium 
dissociation and recombination

• Hamiltonian

W.A.De Jong, M.Metcalf, J.Mulligan

M.Ploskon, F.Ringer and XY, 2010.03571

HS = ��E

2
Z

HE =

Z
d
3
x


1

2
⇧2 +

1

2
(r�)2 +

1

2
m

2
�
2 +

1

4!
��

4

�

HI = gX ⌦ �(x = 0)

<latexit sha1_base64="eGsnm3rQBEaQXdj28JQ533FsWxY="></latexit>

• Quantum optical limit

S

q

q̄
g

g
G

q

q̄ g

g

G

qq̄

g

gG

�EE

|0i

|1i
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Quantum Simulation with Error Mitigation

P0(t) = h0|⇢S(t)|0i S

q

q̄
g

g
G

q

q̄ g

g

G

qq̄

g

gG

�EE

|0i

|1i
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CNOT error 
mitigation crucial! 

• Ground state probability



Schwinger Model
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• U(1) gauge theory in 1+1D
�0 = �z

�1 = �i�yL =  
�
iDµ�µ �m

�
 � 1

4
Fµ⌫Fµ⌫

• Hamiltonian formulation in axial gauge A0 = 0

H = �i �1(@1 + ieA) +m  +
1

2
E2

A = A1

E = F 10

• Discretization

Staggered fermion �(n) =
p
a (�1)n (n)

Jordan-Wigner transform

E field and gauge link solved by ladder [E(n), U(n+ 1, n)] = eU(n+ 1, n)

HS =
1

2a

X

n

⇣
�
+(n)L�

n �
�(n+ 1) + �

+(n)L+
n�1�

�(n� 1)
⌘
+

m

2

X

n

(�1)n
�
�z(n) + 1

�
+

ae
2

2

X

n

`
2
n

J. B. Kogut and L. Susskind

Phys. Rev. D11(1975) 395–408

�(n) !
⇣ Y

m<n

i�z(m)
⌘
��(n)

<latexit sha1_base64="3qP3m7ljZf3nsEaKQeamPFw2d4k="></latexit>

L+
n

<latexit sha1_base64="gYA9GsmlV58D0zO/EReIz4cJAX0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRZBEMquVPRY9OLBQwW3LbRryabZNjTJLklWKEt/gxcPinj1B3nz35i2e9DWBwOP92aYmRcmnGnjut9OYWV1bX2juFna2t7Z3SvvHzR1nCpCfRLzWLVDrClnkvqGGU7biaJYhJy2wtHN1G89UaVZLB/MOKGBwAPJIkawsZJ/15OPZ71yxa26M6Bl4uWkAjkavfJXtx+TVFBpCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVGJBdZDNjp2gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dJTXQVZEwmqaGSzBdFKUcmRtPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJpnle9WvXivlapX+dxFOEIjuEUPLiEOtxCA3wgwOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AQ8mOVg==</latexit>
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Schwinger Model Coupled w/ Thermal Scalars
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• Hamiltonians H = HS +HE +HI

HE =

Z
dx
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• Lindblad equation in quantum Brownian motion limit
d⇢S(t)

dt
= �i

⇥
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Only one Lindblad operator: L =
q
aNfD(k0 = 0, k = 0)
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• Observables
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Results from Real Quantum Devices
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Possible to extend to higher number of cycles & compute 
observables close to thermal equilibrium

e =
1
a

, m =
0.1
a

, β = 0.1a, a = 1 spatial sites (4 fermion sites)N = 2

W.A.de Jong, K.Lee, J.Mulligan, M.Ploskon

F.Ringer and XY, 2106.08394



Conclusions
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• Open quantum systems for heavy quarkonia in heavy ion collisions: 
derivation of Boltzmann equations in quantum optical limit, chromoelectric 
field correlators


• Quantum simulation of open quantum systems


• Future considerations:


• Solving Lindblad equation in quantum Brownian motion by using 
quantum simulation (short depth)


• Quantum simulation of non-Abelian gauge theories in higher dimensions
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Backup: Quantum Circuit Synthesis
• Compiling unitary evolution into single- and two-qubit gates

Optimization based on qsearch package
. . .

~10 CNOT gates/cycle

Single-qubit rotation CNOT



Backup: States in Schwinger Model
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• Impose Gauss law for states

…

0 1 2 3

@1E = e † e+ e−

Even sites: fermion, odd sites: anti-fermion

Electric flux = 1 unit

• Focus on states with specific momentum and symmetry 
k=0 state: first find states that are equivalent under cyclic permutation


 then take symmetrized linear combination (trivial Fourier transform) 

Positive parity: reflection w.r.t. a chosen site

• Can write a code to generate the 
general states, specific momentum & 
parity states and corresponding H

8 fermion sites

…

Periodic b.c.



Backup: Readout Error Mitigation

m = Rt

tinverse = R�1m

28

ignis
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Backup: Error Mitigation
• Readout error

Constrained matrix inversion

• Gate error
Zero-noise extrapolation of CNOT noise using Random Identity Insertions

…

…

…Circuit 1

Circuit 2

Circuit 3

…

He, Nachman, de Jong, Bauer 2003.04941

qiskit-ignis package


